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Abstract
In this note we consider rotating fermi liquid in the presence of Berry curvature. We argue that there appears an
analogue of chiral vortical effect in the liquid if Berry curvature has a non-vanishing flux through sheets of Fermi
surfaces and corresponding chemical potentials are different. We discuss correspondence between relativistic and
non-relativistic dispersion type in vicinity of degeneracy points. We also claim that quantum anomalies in condensed
matter context provide a theoretical and experimental testing ground for the origin of chiral effects, their carriers etc.
I. INTRODUCTION
There has been a lot of interest in chiral effects in literature recently [1–6]. Various approaches have been successfully
employed to describe these effects, however their physical origin is clearly the existence of chiral anomaly. We will
concentrate our attention on the most widely discussed chiral magnetic effect (CME) and chiral vortical effect (CVE)
in a vector current of the particle number:
−→
j CME =
µ5
2π2
−→
B ,
−→
j CV E =
µ5µ
π2
−→ω , (1)
where coefficients in front of magnetic field
−→
B or vorticity −→ω come from chiral anomaly, µ and µ5 are vector and axial
chemical potentials respectively.
It is well known that there is an analogue of chiral anomaly in the condense matter physics [7–9]. In the recent
work [10] this anomaly for the particle number current in the fermi liquid of quasiparticles was discussed. It is due to
the presence of Berry curvature term, which modifies the equations of motion for a single quasiparticle, and, therefore
affects the kinetics of the system. Provided that there is non-zero flux of Berry curvature through the Fermi surface,
the particle current divergence is anomalous. Consequently, this allows for CME and CVE in a usual manner. This
was explicitly shown in [10] for magnetic field, whereas we will generalize this to include rotation and obtain CVE.
For non-zero Berry curvature flux through Fermi surfaces there should be degeneracy points in dispersion relation
of system [8, 9, 11]. As discussed in [11] the dispersion relation in vicinity of degeneracy points is linear if there is
no additional symmetry. However, there are known examples when the dispersion relation could be quadratic (for
certain directions) in vicinity of degeneracy points. We argue here that the results for CVE for emergent relativistic
and non-relativistic spectrum type correspond to each other in the same way as for real relativistic theory. Namely,
the linear (relativistic) dispersion yields the full relativistic CVE result, while quadratic (non-relativistic) gives the
non-relativistic CVE result (substitution µ→ m).
It is also noteworthy that in the quantum field theory context there have been various open questions regarding
CVE and CME. It wasn’t quite clear which particles carry this current, and it was also argued that in some situations
it should be prescribed to defects, such as in superfluidity. In the latter case it was observed that the defect picture
yields answer which is different from the usual one [13]. This proves that investigation of the microscopical origin of
chiral currents in condensed matter models is indeed important.
II. ROTATING SYSTEM, BERRY CURVATURE AND CHIRAL VORTICAL EFFECT
We follow the approach developed in [10]. The starting point in the discussion is the equation of motion for a single
quasiparticle in a theory with non-zero Berry curvature and in the presence of electromagnetic field [14]:
−˙→x =
∂H
∂−→p
− −˙→p ×
−→
Ω (2)
−˙→p = e(
−→
E + −˙→x ×
−→
B ), (3)
2where Ω is Berry curvature. As it was shown in [10] one can obtain for the particle number density and current the
following relation ∂tn + ∇ · j =
k
4π2E · B which coincides with chiral anomaly in field theory. Here k is quanta of
Berry curvature flux through the Fermi surface. Quantization of Berry curvature flux has topological origin (see [9]).
It also should be noted that total flux of Berry curvature through all Fermi surfaces is zero [9] so total particle current
is conserved and chemical potential could be used for the related charge. After that consideration one can obtain
familiar expression for CME in the system
−→
j CME =
k
4π2µ
−→
B . Total current is given by sum over all fermi surfaces.
If we suppose that there is one surface with k = +1 and another with k = −1, then the total current vanishes if
chemical potentials are equal. However, if they are different, µ+ 6= µ− then we obtain:
−→
j CME =
µ+ − µ−
4π2
−→
B. (4)
That result is very similar to usual answer for CME in field theory if one replaces µ+−µ−2 → µ5, so electrons on two
different Fermi surfaces could be treated as analogous of two chiralities in field theory.
To consider CVE we should include the possibility of rotation. In general case arbitrary dispersion relation appears
to be linear in vicinity of degeneracy points. According to [3] one could take rotation into account for effectively
chiral fermions by substitution Ai → Ai + µvi, where vi is the velocity of liquid. In the case of uniform rotation
using consideration of [10] one gets for CVE (1), where as mentioned above µ5 =
µ+−µ−
2 . However there are systems
which exhibit non-linear spectrum (in certain directions) in vicinity of degeneracy points (see [11, 12]). In particular
lets consider quadratic spectrum in xy-plane. If such system is rotating around z-axis then one should take non-
relativistic limit of (1). We will use vector notation below for convenience; however, we will only consider ω along z
axis. Consideration of CVE as result of Larmor’s theorem was proposed in [15]. It should be emphasized that we will
consider only uniform rotation. This means that the liquid rotates as a whole, so that the Fermi surface is formed
by momentum with respect to rotating coordinate system. This means that the motion of quasiparticles should be
described with respect to the rotating frame of reference. In particular, quasiparticles will ”feel” inertial forces such
as Coriolis force. We will neglect centrifugal force thereafter, and hence the angular velocity is supposed to be small
enough to validate that assumption. The equations of the motion in the rotating frame then take form:
−˙→x =
∂H
∂−→p
− −˙→p ×
−→
Ω (5)
−˙→p = 2m−˙→x ×−→ω , (6)
where ω is the angular velocity, Ω is Berry curvature and m is the effective mass of the quasiparticle. Following the
[10] the action for single particle in a theory with Berry curvature could be constructed and one gets
S =
∫
(p · x˙+m[ω × x] · x˙−A(p) · p˙−H(p, x)) dt, (7)
whereAi(p) is fictitious vector-potential for Berry curvature in momentum space, Ωi = ǫijk∂jAk and form of ”Coriolis”
term is appropriate for quadratic spectrum (and for emergent relativity by substituting m → µ). Combining xi and
pi in one set of variables ξa, where a = 1..6 the action becomes S =
∫ (
−ωaξ˙a −H(ξ)
)
dt. Equations of motion
following from this action can be written as ξ˙a = −{ξa, ξb}
∂H
∂ξb
. As it was shown in [16] Poison brackets for this action
are
{xi, xj} =
ǫijkΩk
1 + 2mω · Ω
(8)
{pi, pj} = −
2mǫijkωk
1 + 2mω · Ω
(9)
{pi, xj} =
δij + 2mΩiωj
1 + 2mω · Ω
, (10)
and invariant measure of phase space is dΓ = (1+2mω ·Ω)d
3pd3x
(2π)3 . This modification of Poisson bracket (in comparison
with the conventional {xi, xj} = 0, {pi, pj} = 0, {pi, xj} = δij) alters the kinetics of the liquid (see [10] for details).
In particular, the current takes form:
3−→
j =
∫
d3p
(2π)3
(
−ǫp
∂np
∂−→p
− 2mǫp
(
−→
Ω ·
∂np
∂−→p
)
−→ω − ǫp[
−→
Ω ×
∂np
∂−→x
]
)
. (11)
Here np(x) is the distribution function for the quasiparticles and ǫp is the energy of a given quasiparticle with
momentum p. The first term in the bracket is just np
−→v , where −→v =
∂ǫp
∂−→p
, and naturally, it vanishes in thermal
equilibrium. The third term is also zero in ground state because it involves spatial derivatives. To consider the second
term in (11) we use Fermi distribution np =
(
exp
(
ǫp−µ
T
)
+ 1
)
−1
, where µ is chemical potential (Fermi energy). After
simple transformation we obtain
−→
j CV E =
kµm
2π2
−→ω , k = 12π
∫
Ω ·dS and if for instance k = ±2 (for quadratic spectrum)
then the sum over surfaces is:
−→
j CV E = |k|
µ5m
π2
−→ω , (12)
where µ5 =
µ+−µ−
2 .
For arbitrary dispersion relation and behavior near degeneracy points the difference in chemical potentials of Fermi
surfaces could be made by applying both electric and magnetic fields for finite time. One can then argue the existence
of an analogue of a chiral battery, proposed in [1]. The only difference is that the current might be induced by rotating
the sample, rather than by applying magnetic field.
III. CONCLUSION
We show that in rotating Fermi liquid with nonzero flux of Berry curvature there appears an effect similar to CVE.
For quadratic dispersion in vicinity of degeneracy points it could be readily obtained by replacing B → 2mω in the
result for CME in [10] according to quantum analogy of Larmor theorem. It corresponds to the non-relativistic limit
of well-known result (1) since in the said limit one can replace µ → m. It seems very natural and intuitive that the
answer for the effectively non-relativistic spectrum (quadratic) appears as a non-relativistic limit of the effectively
relativistic case (linear dispersion relation). One should note that at the first glance the result (12) for CVE depends
on renormalization picture because of quasiparticle effective mass. But it conforms with usual result if one treats
mass as external parameter of effective theory in analogy with chemical potentials. It should be noted that chemical
potentials can be treated as result of strong interaction, responsible for forming liquid and in that sense similar to
effective mass of quasiparticle in non-relativistic limit as mentioned above. Other reasoning for the identification of
effective mass as the non-relativistic limit of the chemical potential, from the point of view of hydrodynamics, is given
in [17].
We would like to point out that our treatment describes the effect in the leading order in angular velocity. The
question how is the result modified when we take into account higher corrections in Ω is not quite clear and requires
further research. Some approaches to the problem are given in [18, 19].
We also emphasize that in condensed matter context we have great experimental and theoretical grounds to test
origins of the chiral currents: whether they are prescribed to defects, which particles (or quasiparticles) carry them
etc.
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